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Abstract

We determine bubble tree convergence for a sequence of harmonic maps, with uniform energy
bounds, from a compact Riemann surface into a compact locally CAT(1) space. In particular,
we demonstrate energy quantization and the no-neck property for such a sequence. In the
smooth setting, Jost (Two-dimensional geometric variational problems. Pure and applied
mathematics. Wiley, New York, 1991) and Parker (J Differ Geom 44(3):595-633, 1996)
respectively established these results by exploiting now classical arguments for harmonic
maps. Our work demonstrates that these results can be reinterpreted geometrically. In the
absence of a PDE, we take advantage of the local convexity properties of the target space.
Included in this paper are an e-regularity theorem, an energy gap theorem, and a removable
singularity theorem for harmonic maps into metric spaces with upper curvature bounds. We
also prove an isoperimetric inequality for conformal harmonic maps with small image.

Mathematics Subject Classification 53C43 - 58E20

1 Introduction

In pioneering work, Sacks and Uhlenbeck [15] determined a priori estimates for critical points
to a perturbed energy functional to prove the existence of minimal two-spheres in compact
Riemannian manifolds. Recently, Breiner et al. [2] extended this result to the singular setting.
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Lacking a PDE, they instead used the local convexity of the target space (a locally CAT(1)
space) to determine a discrete harmonic map heat flow or harmonic replacement process.
Given a finite energy map ¢ : (M2, g) — (X, d), harmonic replacement yields either a
harmonic map u : (M 2, g) — (X, d), homotopic to ¢, or a conformal harmonic map
v : (S% g0) — (X,d). The second case occurs when the modulus of continuity for the
sequence of replacement maps blows up at a point. Renormalizing the domain on the scale
of the blow up gives a sequence of finite energy maps with uniform modulus of continuity,
which converge in C® uniformly on compact sets to the map v : C — X. By proving a
removable singularity theorem for conformal harmonic maps, in [2] they concluded that v is
harmonic on S%.

In the smooth setting, Sacks and Uhlenbeck [15] proved a removable singularity theorem
for harmonic maps; coupling this result with their a priori estimates, any bounded sequence
of critical maps has a subsequence {u;} which converges, away from some finite number of
points, to a harmonic map u. At these points, renormalizing the domain by the norm of the
gradient produced a “bubble”, a harmonic map w; from S?. Jost [7] demonstrated that the
energy in this process is quantized; that is,

¢
Jim Elug] = E[u] + ;E[w']'
Parker [13] (see also [14]) refined the renormalization technique of [15] to produce a full
accounting of the C° limit picture for harmonic maps to smooth targets. Further, he provided
a new proof of energy quantization along with the first proof of the so called “no-neck
property”.

We demonstrate that the energy quantization and no-neck property determined for har-
monic maps to smooth manifolds is also valid for harmonic maps into metric spaces with
upper curvature bounds. Unlike in the smooth setting, the best convergence one can hope for
is CO uniform convergence. While the work of [13] relied on C 1 convergence, we demonstrate
that the weaker convergence does not impede energy quantization or the no-neck property.

Theorem 1.1 Let uy : (M2, ) — (X, d) be a sequence of finite energy harmonic maps
from a compact Riemann surface (M?, g) to a compact locally CAT(1) space (X,d). If
Elur] < A < oo then there exists a subsequence again denoted by {uy} and a bubble tower
domain T such that the bubble tree maps u; ; : T — X converge to a harmonic bubble tree
mapu; : T — X in co uniformly on T and Elu ;. T1— Elu;, T]. In addition

(1) energy is quantized:
lim Efux, M1 = Elu;, T].
k—o00

(2) the no-neck property holds: at each bubble point yi, . ;,, the image of the map u;,
at vertex iy ...in and the image of the map u;,

Eil»--in (P+)-

dp—1

i, meet. That is Eil...i,,,l()’il...in) =

Remark 1.2 The bubble tree domain, the maps Uy s and their limit maps are defined in
Sect.5.2.4. Also, p+ € S? denotes the north pole.

For those unfamiliar with the bubble tree construction, we provide some context. The
essence of the theorem is that the sequence u; may develop energy concentration points
in the limit. Away from the concentration points, the maps converge in C° uniformly to a
harmonic map u : M — X. By rescaling appropriately at each of the concentration points
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x;, we produce sequences of maps %, ; with domains exhausting S” and which themselves
converge, away from some finite number of concentration points, to a conformal harmonic
map &; : S — X. The process iterates at these new concentration points to produce bubbles
on bubbles. The energy quantization and the no-neck property imply that all of the essential
information is contained in the limit base map and bubbles. This follows since, on the annular
domain between the scale on which the u;’s converge and the scale on which the uy ;’s
converge, the energy and the diameter both tend to zero in the limit.

The paper is organized as follows. In Sect.2 we define the relevant terms and provide
necessary background or references to it. Section 3 contains statements and proofs of the four
main tools needed to start a compactness theorem. These include an e-regularity theorem,
a gap theorem, a convergence theorem, and a removable singularity theorem for harmonic
maps. Notice that the removable singularity theorem extends [2, Theorem 3.6], which proved
the result for conformal harmonic maps. In Sect.4 we prove Theorem 4.6, an isoperimetric
inequality for conformal harmonic maps into compact locally CAT(1) spaces with small area
and small image. In Sect.5, we prove Theorem 1.1 using the tools from Sects.3 and 4 and
following the general outline of [13].

2 Preliminaries

Throughout the paper we let (M, g) denote a compact Riemann surface with a smooth metric
and let (X, d) denote a compact locally CAT(1) space. We refer the reader to [1, Section 2.2]
for background on CAT(1) spaces. A metric space (X, d) is said to be locally CAT(1) if every
point of X has a geodesically convex CAT(1) neighborhood. Note that for a compact locally
CAT(1) space, there exists a radius 7 (X)) > 0 such that for all P € X, B, (x)(P) is a compact
CAT(1) space. Let

T(X) := min{r(X), 7 /4}

and let inj(M) denote the injectivity radius of M.

Forr € (0,inj(M)), t € (0, (X)), we denote geodesic disks and balls in their respective
domains as D, (x) C M and B;(P) C X. We also frequently consider geodesic disks with
respect to the metric induced by the pullback of the exponential map and use the same
notation, D, (0) C TxM = R

Following the definition in [8], the Sobolev space W12(M, X) is the space of finite
energy maps. That is, u € W12(M, X) if its energy density function (as defined in [8])
|[Vu|? € L'(M). The total energy of the map u is given by

Elu] := / |Vu|2dug
M
and we denote the energy on subsets Q2 C M by
Elu, Q] == / |Vul*djug.
Q

Given any & € WL2(Q, X) we define
W@, X) = {f e W(Q,X) : Tr(f) = Tr(h)}

where Tr(u) € L2(32, X) denotes the trace map (see [8]).
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Definition 2.1 A map u € W'2(M, X) is harmonic if it is locally energy minimizing. In
particular, for each x € M there exist 0 < ry, 0 < p < 7(X), and P € X such that
u(Dy, (x)) C By(P) and h := u|p, (v has finite energy and minimizes energy among all

maps in W, (D, (x), B, (P)).

The existence and uniqueness of Dirichlet solutions follows from [2, Lemma B.2] and
[16]. We will need also the regularity of such solutions.

Theorem 2.1 (Lemma 1.3, [1]) Suppose that u : D, — By(x)(P) C X is an energy mini-
mizing map. Then u is Lipschitz continuous on D, j» with Lipschitz constant depending only
on E[u, D) and g.

Let |uy(Z )|2 denote the directional energy density function for Z € I'(T M), where
['(T M) is the space of Lipschitz vector fields on M (see [8, Section 1.8]). For any finite
energy mapu : (M, g) — (X, d), let

7:T(TM)xT'(TM) — LI(M)
where
1 ) 1 2
7(Z,W):= 7 lus(Z +W)|” — 1 [u(Z — W)~

By [1, Lemma 3.5], 7 is a continuous, symmetric, bilinear, non-negative tensorial operator.
Let

®, =7 (dx, 0y) — 7 (dy, By) — 2im (3, 0y)

denote the Hopf function for u. As in the smooth setting, when u is harmonic, ®,, is holo-
morphic (see [2, Lemma 3.7]).

3 Analogues of classical results

In the smooth setting, the compactness follows from four properties of harmonic maps (see
[13, Proposition 1.1]). We state an analogous proposition for harmonic maps into compact
locally CAT(1) spaces. Note that the uniform convergence statement is not as strong as
Parker’s; we can get only C° uniform convergence. Nevertheless, we are still able to prove
Theorem 1.1.

Proposition 3.1 There exist positive constants C', €' > 0 depending only on (M, g) and
(X, d) such that the following hold:

(1) (Sup Estimate) Let u : D, — X be a harmonic map with E [u, D,] < €'. Then

max o2 sup |Vu|?> < C'.
0<o<r Dy_y

In particular for all x € D3, )4,

C/
IVulP(x) < .
.

(2) (Energy Gap) If (M, g) = (S%, go), where g is the standard metric on the sphere, and
E [u, Sz] < €, then u is a constant map.
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(3) (Uniform Convergence) Let uy : D, — X be a sequence of harmonic maps with
E [uj, D] < €. Then a subsequence uyj convergence in cY uniformly to a harmonic
map u on Dy .

(4) (Removable Singularity) Let u : D \{0} — X be a finite energy harmonic map. Then u
extends to a locally Lipschitz harmonic map u : D, — X.

The entirety of this section is devoted to proving each of these results. The results are
listed in the order in which they are proven and each subsection contains the proof of a single
item.

In the smooth setting, the proofs of these results rely on the Euler-Lagrange equation of the
(perturbed) energy functional. Lacking such an equation, we instead exploit weak differential
inequalities which follow from the locally minimizing property of harmonic maps coupled
with the local convexity of the target space.

3.1 Sup estimate

Following the now classical methods of [3], we use a monotonicity formula and scale invari-
ance to prove pointwise gradient bound for harmonic maps with small energy.

Proposition 3.2 Suppose u : D, — X, r <1, is a finite energy harmonic map. There exists

an €y > 0, depending only on the metric g, such that if E [u, D,] < €q, then

max o sup |Vu|> < C3, (3.1)
O0<o<r o

where Cy depends only on the metric g.

Before proceeding with the proof, we point out an important subharmonicity estimate that
we will need. The result follows from a local Bochner type inequality (see [5]).

Proposition 3.3 Let u : (D2, g) — X be a harmonic map with finite energy and let g be a
metric with bounded curvature. Then for all n € Cgo (D),

—/ V|Vul? -V > —c’/ n|Vul* (1 + [Vul?) (3.2)

where C' > 0 depends only on the curvature of the domain.

Proof Foreachx € D,,let s, :=sup{s > 0 : u(Dy(x)) C B (x)(u(x))}. For the open cover
{Ds, (x)}p,» consider a finite subcover { D, (x1)},_,_,, and denote s := min;{s;}. By [5]
there exists C’ > 0 depending on the curvature of M such that for each x;,
—/ V|Vul? - Vy > —c’/ | Vul* (14 |Vul?). (3.3)
Dy (x) Dy (xi)

Now let {¢;} be a smooth partition of unity subordinate to the covering. Then ¢; €
C§° (D (x;)) for each i. Moreover, ) ; ¢; = 1, > ; V¢ = 0. Therefore for any test function

n € Cy(Dy),
L)

—f V|Vul?> - Vp
—Z/ VIVul* - Vng)
Dy (x;)ND;

i
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v

-C' / AVul> (14 |Vul?
> orcerp, 11V (1+Vul?)

i

_c’/ n|Vul* (1 + [Vul?).
D,

Proof of Proposition 3.2 Choose o € (0, r] and xq € 5,.,(,0 so that
002 sup |Vu|2 = max o> sup |Vu|2,
r—o( GE(O”.] r—o
and
2 1 2
[Vul|“(x0) > = sup [Vul~.
I'*O‘O

We deduce that

sup  |[Vul? < 8|Vul?(xo).
Deg (x0)

Notice that if oOZIVuIZ(xo) < 4 then the desired result holds. So suppose instead that
Vil (xg) > 40(;2. Letu : D1 — X be given by

ii(x) = u (xo + [Vul " (x)x)
Then

sup |Vii|> <8 and |Vii|> (0) = 1.
D

By Lemma 3.3, for all n € C3°(D1),
—/ VI|Vil* - Vp > —c’/ Vil (1 +|Vil?) > —9C’/ n|Vii|*.
Dy D D

Finally, Morrey’s mean value inequality and the scale invariance of the energy implies that,
for ¢ depending only on the domain metric g,

1 =|Vii|? (0) < c/ |Vii|? < ce.

D

For € sufficiently small, we get a contradiction. O

3.2 Energy gap

Proposition 3.4 (Energy Gap). There exists €gap > O depending only on go, (X, d) (where
80 is the standard metric on S?) such that the following holds:

Letu : S* — X be a conformal, harmonic map such that E [u, Sz] < €gap. Then u is a
constant map.

Proof Suppose first that u(S? c Br(x)(P) for some P € X. Then, by [1, Lemma 4.3],
Ad?(u(x), P) > |Vul*> > 0 holds weakly on all of S2. It follows that d(u(x), P) = 0,
i.e. u is constant.
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Now suppose that 1(S?) is not contained in Br(x)(P) forall P € X. Then, diam (u (%) >
7(X). By the Monotonicity Formula of [2, Theorem 3.4], there exists C > 0, independent
of u and p € S? such that

Efu,S*] = E [u,u™ (Bexyu(p))] = Cr(X)%.

Thus, choosing €g,p < CT(X )2 implies the result. ]

3.3 Uniform convergence

Proposition 3.5 There exists €2 > 0, depending only on g and (X, d) such that the following
holds:

Let uy : D, — X be a sequence of harmonic maps with E [uy, D] < €. Then a
subsequence uy converges in C° uniformly to a harmonic map u on D, /2.

Proof Let €y, Cy be as in Proposition 3.2. Set 0 < €3 < €p. Then for all x, y € D3, 4 with
dg(x,y) < Ty and all k, d (ux (x), u (y)) < T(X). Sets := min { O, ﬁ} Cover D, /2

Co
by disks {Dy/4(x;)}. By [2, Remark 3.2], for all k, ug|p, ;) is energy minimizing. By [1,
Theorem 1.3], the uy, are equicontinuous on the cover {Dy/2(x;)}. Therefore a subsequence
u; — u uniformly on every ball in this cover and thus on D, />. Applying [2, Theorem 2.3]
to each disk D;/2(x ), we see that u is energy minimizing on each disk Dy 4(x ). It follows
that u is harmonic on D; ;. O

3.4 Removable singularity theorem

Notice that the work of this subsection extends the result of [2, Theorem 3.6], where a
removable singularity theorem is proven for conformal harmonic maps.

Theorem 3.6 Let u : D1\{0} — X be a finite energy harmonic map. Then u extends to a
locally Lipschitz harmonic map u : D1 — X.

Proof Since u has finite energy, the Hopf function ®, € L'(D{\{0}, C\{0}) and therefore
®,, can have at worst a simple pole at the origin. Without loss of generality, assume that ®,,
is nowhere zero on D1\{0}.

‘We now follow the ideas of Schoen [17, Theorem 10.4] to define a conformal harmonic
map. Schoen’s argument involves taking the square root of —®,,, and since in his case the
domain is a disk and the image does not contain the origin the square root function is well-
defined. We build an admissible cell complex W (see [1, Section 2.1], [4, Section 2.2]) such
that W \ W © will be the double cover of C \ {0}. We then lift the map ®,, to be defined from
this double cover, allowing us to take its square root.

Let Hj :={z € C:Im(z) > 0}, j =1, ..., 4 denote four 2-cells and let z; = x; 4 iy;
denote the coordinates in the 2-cell H ;. Define the 2-complex W := |_|j-:1 H;/ ~ where the
similarity relations determine the gluing of 1-cell boundaries and are non-empty relations
only in the following cases:

z1 ~zp iff Re(z1) = Re(z2) < 0,Im(z1) = Im(z2) =0,
zo ~z3 iff Re(z2) = Re(z3) > 0, Im(z2) = Im(z3) = 0,
z3 ~z4 iff Re(z3) = Re(z4) < 0,Im(z3) =Im(z4) =0,
Z4 ™~ I iff Re(24) = Re(zl) > 0, Im(Z4) = Im(Z]) =0.
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It is straightforward to see that W\W © is a double cover of C\{0}. We will associate each
p € W with a projection onto C using isometries of half-spaces.
Lety; : Hi — {z € C : Im(z) > 0}, 1//17 :Hj — {z € C: Im(z) > 0} denote the
natural Euclidean isometries. For p € W, we define Re, Im : W — R such that
Re(p) :=Re(y;(z;)if p=1z;,j=1,...,4,
Im(y;(z;)) ifp=zj=13,
Im = - . .
() {Im(n/fj ) ifp=zj.j=24.

Let IT : W — C such that TI(p) := Re(p) + i Im(p). We define u : W\W©® — X and
@, : W\W® — C\{0} such that
u(p) :=uoll(p);  @,(p):=d,0ll(p).

Note that (®, )« (71 (D1\{0})) = nZ for some n € N. It follows that (®,, ) (1 (W\W ©)) =
2n7 C 27. Therefore, there exists amap W, : W\W © — C\{0} such that ¥2(p) = @, (p).
Define v : W\W© — R such that

p
v(p) = Re/ W, ($)de
Po

where pg € W\W(O). By construction, v is a well-defined, real-valued harmonic function
which is minimizing on every compact subset of W\W (). We compute

1
3 ReW¥(p) e R.

It follows that E[v] < CfD,\{O} |®,ldpg < oo and thus v has finite energy. Let
i:WA\W©O® — X x R where

v
E(P) =

i(p) := (u(p), v(p)).

By definition, # is a finite energy harmonic map and the Hopf differential of i satisfies

9 2
®;(p) = Pu(p) +4 (%) (p)=0.

Therefore, i : W\W©® — X x R is a conformal harmonic map. We apply [2, Theorem
3.6] to prove the removable singularity result for ii. Observe that the hypothesis of the cited
theorem states that the target space is compact locally CAT(1) and that the domain is a
Riemann surface. Nevertheless, the theorem can still be applied.

While the metric space (X x R, d x §) is obviously not compact, it remains a locally
CAT(1) space. Moreover, for each P € X x R, the closed geodesic ball B;(x)(P) C X xR
is a compact locally CAT(1) space. It follows that for any p € (0, 7(X)) andany y € X x R,
il is energy minimizing on the domain i~ (B, (P)). The removable singularity theorem for
conformal harmonic maps does not in fact require compactness of the target space but does
require a uniform lower bound in the target for which harmonic maps are minimizers. (This
uniform lower bound is needed in order to appeal to the monotonicity formula.) Our target
possesses such a uniform lower bound.

Moreover, while our domain here is a cell complex, away from W@ the complex is a
Riemannian manifold with a smooth Riemannian metric. Therefore everywhere we apply the
arguments of [2, Theorems 3.4 and 3.6] the fact that the domain is a complex is irrelevant.
It follows that i extends as a locally Lipschitz harmonic map & : W — X x R and thus so
does u. O
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4 Isoperimetric inequality for minimal surfaces with small area

We prove an isoperimetric inequality for minimal surfaces with small area in a CAT(1) metric
space. By a minimal surface we mean a conformal harmonic map « : (¥, g) — X which is
minimizing in the sense of Definition 2.1. For such a map u, we define the area of its image
by integrating the conformal factor A = %IVM |2

Area (image(u)) :/ Adpg.
=

To prove the isoperimetric inequality we follow the classical arguments of Hoffman-Spruck
[6] who prove the result by first proving a Sobolev inequality for C! functions.

We begin by improving the weak differential inequality satisfied by d*(u(x), Q) for some
fixed Q € X.

Lemma4.1 Given a geodesic triangle APQS C X and 0 < n,n' < 1,let Py := (1 —
1P +n'Q and Sy := (1 —n)S +nQ. Then

@ (Py. Sy) < (1 — 2ndgs cotdgs) dis — 2 (n — ') (dos — dop) dos + (1 — m)>ds
+ Quad(n, n")Quad(dps, dps — dop) + Cub (dps, dos —dop.n — 1) .
Proof The proof follows from [1, Lemmas 2.4 and 2.5] by keeping and expanding the equality

sin®((1 — n)dps) dos 2
TQ = (l — - f{ cosdps + 0(7]2))
N [N

s

rather than getting an upper estimate. O

We now prove a modification of [1, Lemma 4.3], which implies almost subharmonicity

for d(Q, u(x)).

Lemmad.2 Let0 <t < t(X)andu : (Dy,g) — B/(P) C X be an energy minimizing
map. For a fixed Q € B;(P),n € C§°(D;) suchthat0 <n <1,andall0 <o <r,

/ 2nd cotd |Vul*dug < —/ (Vn, Vd*)d iy
Dy Dgy

where c?(x) =d (0, ux)).
Proof Define u, : (D, g) — X by setting

un(x) = (I = n)ux) +nx)Q

forn € C°(Dy). Letting S = u(x), P = u(y),n’ = n(y), we use the estimate of Lemma
4.1 to observe that for c?(x) =d(0,ux)),

Ay (y), 1y () < (1 = 25(x)d (x) cot(d (x)))d> (u(x), u(y))
—2((x) — n(YN((x) — d(y))d (x)
+ () — n())2d*(x) + n* ()Quad(d (u(x), u(y)). d(x) — d(y))
+ Cub (d(u(0), u(y), d(x) = A, 1) = () -

The rest of the proof is identical to the rest of the proof of [1, Lemma 4.3]. O
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Lemma4.3 Letu : ¥ — X be a conformal harmonic map. Suppose & € C' (—00, 00) is a
non-decreasing function such that£(t) = Ofort <0,h € C é (X) is a non-negative function,

and&h € 0, 1]. For xo € £ and 0 < p < ©(X), define
bxo () :=/E h(x) E(p —r(x)) AMx)dug;

and

Yo (p) 1= /E VA1 () £(p — r(0) A% ()i

where r(x) := d (u(x), u(xo)). Then the following differential inequality holds weakly:

d <¢x0<p>> _ V@)

dp sinfp ) = sin?p
Proof First note that (4.1) is equivalent to

2¢0t p g (P) = Vo () + b3, (0)-

By Lemma 4.2, for any test function ¥ € [0, 1] and xo € X, we have that
/ 2Wr cotr |Vul*dug < — / (VW, Vi)dp,
Q Q

where € := u~! (Bp(u(X()))). Let W(x) = h(x)& (p — r(x)) so that
VW (x) = —h(x)E" (p —r(x) Vr(x) + & (p — 1 (x)) VA(x).

By conformality and given the support of £, &', it follows that
2pcot p /E q;xduggfz Wr cotr |Vul2djug
< /2 FOR@E (p— ) IVr ) dpg
_[E r(OE (p — (X)) (VA(x), Vr(x)) djig
< /2 rOhE (p = r () Adpug
4 /E FOOE (p —r(0) VA 27 dpug
< p/E h(x)&" (p —r(x)) Adpug

40 [ €= 9A13} dp

Note that the string of inequalities implies that (4.2) holds weakly.

4.1)

4.2)

[m}

Lemmad.4 Letu : (2, g) — X be a minimal surface. Let xg € X with h(xg) > 1. Let «

and t satisfy 0 < a <1 <t. Set

1
o Jgh) A dug>7
po i= sin <—n(1 p ,
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By () 1= / h(OA)d Ly,
S,o(xU)
and
- 1
Yy (0) = / [VR(x)| A2 (x)d g
Sﬂ(-’fo)
where
Sp(x0) :={x € X : dux), u(xo)) < p}.
Then there exist p with O < p < pg such that

6., (tp) < o poi . (0);

provided that
fx h(x) A(x) dug <1
7(l —a) -
and
tpo < T(X).

Proof The proof follows exactly the outline of [6, Lemma 4.2], taking advantage of the
differential inequality in (4.1) to establish a contradiction. O

An argument similar to the covering argument used in [6, Theorem 2.1] (see also [11])
immediately implies the following lemma.

Lemmad.5 Letu : (X, g) — X be a conformal harmonic map with image(u) C Br(x)(P).
If Area[u (2)] < %, then for any h € C' (%),

</ h2(x) A(x) dﬂg>§ < <277”>2/ VA (x) A2 dyig.
z z

Using the Sobolev type inequality of Lemma 4.5 and an argument adapted from [9], we
prove the isoperimetric inequality.

Theorem 4.6 Letu : (X, g) — X beaconformal harmonic map withimage(u) C Brx)(P).
If Area[u (2)] < %, then

1 271 )

EE(M) = Arealu (2)] < e length” [u (0%2)],

Proof Since u is uniformly continuous, for any € > 0, we can pick a family of Lipschitz
closed curves I'¢ that approximate d X i.e. with
1
4 \2
[length [u(T'¢)] — length [u (0X2)]| < | —
2T

and such that

Area% [u(@)] <e+ Area% [u (Ze)]
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where X, is the connected component of ¥\I'c which is disjoint from dX. By [8, (1.9xvi)],
for any Lipschitz closed curve I' C %,

length[u(I")] = / »dor.
r
Following the proof of [10, Theorem 6.1], let A% := ¢1°2%)o where (log 1), is a symmetric

mollification of log A. Then, A > A and /A — VA in W[L’(%(E). Then for any h € C§°(X)
with |||z~ < 1 and o > O sufficiently small,

[ronndan, < [ 190167 an,,
) )}

fhzk”dug 5/ hzkdug+/(k”—k)dug.
D) ) D)

By Lemma 4.5,

1 1
2 27 2
(f hzxadue> s(—”) /|Vh|<x")%dug+0<o>.
z ) 4 s

Using smooth approximations of the cutoff function on X, we observe that

1 1
2 27 2
(/ ”’dug) s(Tﬂ) | 02)idor, + 00,

and letting 0 — 0 we see that

1 1
2 27 2
<f M“g> S( 471) /ﬁd"“'

1 27w 3 1
Area? [u ()] < — / A2doyy, + 2e,
4 Iz

By the choice of T,

which implies the result. o

5 Proof of the main theorem

This section consists of three subsections. In Sect.5.1, we prove convergence results that
produce the limit map and are applied iteratively to produce the bubble maps. Section 5.2
contains a description of the bubble tree and the bubble maps. Finally, in Sect.5.3 we prove
the no-neck property and energy quantization result, which finishes the proof of Theorem
1.1.

5.1 Convergence results

Lemma5.1 Let u, : (M,g) — (X,d) be a sequence of harmonic maps such that
Elug, M] < A < o0 and let €gy be as in Proposition 3.4. Then there exists a subse-
quence {uy} and a set of points {x1, . .., x¢} with corresponding masses {my, . .., mg} where
€ < A/é€gap, and a harmonic map u : M — X such that
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(1) Forallr >0andalli €{1,...,4¢},

’]ER) k]l)”;o E [ug, Dy (x;)] :=m; > €gap.
(2) ux — u in C° uniformly on compact sets in M\{xy, ..., x¢}.
(3) For any open subset Q with Q C M\{x1, ..., x¢},

lim E [up, Q] = E [u, 2].
k—o00

(4) The energies satisfy the relation

4
lim E[uy] = E i
Jim. [ur] [u]+;mz

Proof Items (2) and (1) follow by standard arguments using Proposition 3.1.

For (3), choose ’ > 0 such that for all x € M, u(D,/(x)) C Br(x)2u(x)). Let dg :=
dg (02, {x1, ..., x¢}). There exists Ko € N such that forall k > Kg and, x € Q,0 <r <
da /2, up(D;(x)) C Bir(x)/4(u(x)). Suppose to the contrary that the energy drops in the
limit. Then there exists y € Q and 0 < ¢ < dgq/2 such that lim infy_, oo E [ug, D (x)] >
E [u, D;(x)]. But this contradicts the proof of compactness of minimizers in [1, Lemma 2.3]
and thus the claim holds.

Finally, (4) follows immediately from (3) and standard arguments. ]

Fix a constant
2
.| T €gap (X)
0<Cg< =2 Coon——at t 5.1
< R_mln[3 5+ Cmon— (6.1
Here Con is the monotonicity constant given in [2, Theorem 3.4].
To understand the importance of the constants chosen in the following lemma, we provide
a brief outline of their significance going forward. Let » = min{d, (x;, x;),1 # j}, for x;
from Lemma 5.1. In each disk D, (x;), there are three regions of interest. In fact these regions
will be on the pull back of this domain to Ty, M by the exponential map. We refer to this
domain as D, (0) C Ty M.
In the next lemma, we choose these regions by choosing €y ;, Ak ;, ck; where

Diy; (ki) C De,;(ck,i) C Dr(0).

By construction € ; /(kAg ;) — oo so the annular scale is not uniform. The scales and how
we choose them will help us to complete our main theorem. On every fixed annulus in
Ty, M of the form D, (0)\D,/(0), with 0 < r’ < r, uxy — u uniformly in CY, where u is a
harmonic map. After an appropriate conformal transformation of the inner disk Dy, ; (ck.i),
the corresponding transformed maps u; ; will converge on any compact set in C to a “bubble
map” - which can be viewed as a harmonic map from S?. (See Sect. 5.2.3 for a more precise
statement about the convergence of these two sequences.)

The intermediate annulus D¢, ; (ck,i)\Dia, ; (ck,i) is called the “neck region”. The behavior
of the sequence u; on this regioyn is not captured by u or by any of the bubble maps. Thus,
the main objective is to determine whether any of the limiting information about u; escapes
in the neck regions. Our main theorem demonstrates that no energy or image is lost in these
necks.
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Lemma 5.2 Consider a single bubble point x; with mass m;. For simplicity we denote them
inwhat follows as x, m. There exists a further subsequence, and constants €, \ 0 and C > 0
such that, identifying uy with expy uy and Dy := D¢, (0) C T M,

(1) E [ug, Di\Dy, j32(0)] — 0.
(2) ug(0Dy) C Be ik (u(x)).
3) forcy = (C/l, c,%) where

j 2
i kaxfWukl dx

¢l =
k ka |Vug|?dx

o ekl < /2K

4) for
Ax ;= min{X : / |Vug>dx < Cr}, A < ex/k>.
D¢ (O\D;.(cx)
Note that the proof of this lemma will not require C! convergence of uy to u, but instead
uses the weaker convergence given by items (3), (1) in Lemma 5.1.

Proof Let py := %min{dist(xj-,x) :j e {lL,..., 4}, x; # x}. Choose ¢ <
min{ %, p0, inj(M)} to be the largest number such that

[ =2
e 16k

We determine the subsequence inductively. For each k > 1, let Ay := Di\Dy, /g¢2(0). With

Q := Ay fixed, items (3), (1) of Lemma 5.1 imply that there exists Nj such that for all
n > N,

/ Vu |2<2/ \Vul? < = (5.2)
Ak n = Ak 8k2 .
and
8k% — 1 / ) 8k*+1
————m < [Vu,|” < m. (5.3)
8k2 D 52 8k2
Moreover, we may increase Ny if necessary so that for all n > N,
1
sup d(un(y), u(y)) < T (54)
yedDy

Set ny = max{Ng, 1 4+ ng_1}. Then the first item follows from (5.2). The existence of C such
that the second item holds follows from the Lipschitz regularity of # combined with (5.4).
The estimates on ¢y, A, follow from (5.2), (5.3) and their definitions (cf. [13, Section 6]). O

We will need a conformal transformation of Dy onto Sy C S2 such that ¢; — (0, 0, 1) and
8Dy, (cr) maps to the equator. Let g2 : S? (C R3) — R? = T M be a fixed stereographic
projection that maps the equator to the unit circle and the north pole to the origin. Let
W, : R — R? be given by

Wy (x) := Agx + k.
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Then, the map ®, := (\Ilk o nsz)_l =7 S_zl oy, !is a conformal transformation under which
¢+ (0,0, 1) and 9D, (ct) maps to the equator. Define S; := Oy (Dzek (O)). Now let

up Sk — X (5.5)
be defined as uy o Ok (x) = ui(x) for all x € Dy. Applying Proposition 3.1 to the maps uy

we obtain a result analogous to Lemma 5.1 for maps from domains exhausting S2. For ease
. 2 . . . .
of notation, let D§ (y) denote a geodesic disk in S? of radius r and centered at y € S?.

Lemma5.3 Let S represent the portion of Sy in the southern hemisphere, p~ denote the
south pole, and €gap be as in Proposition 3.4. There exists a further subsequence {uy} of
harmonic maps with uy : Sy — X, a harmonic map u : S* — X, a collection of points
{yi,...,y} C S? with corresponding masses {m1, ..., m;} such that

(1) forallr > 0and j € {1,...,1},

lim lim E [ﬁk, D,.SQ(y,-)] =mj > €gap.
r—0 k—o0

(2) uy — u in C° uniformly on compact subsets of S*\{y1, ..., v, p~}.

(3) limy— oo E [Tx, Sk] = m.

(4) lim oo E [u, S; | = Cr.

(5) for any open set Qwith 2 C S*\{y1,..., vy, p~}

lim E [uy, 2] = E [u, 2].
k—00

(6) there exists T(p~) > 0 such that
I

lim E[z, = E[u, S? - ;

Jim E[@, Si] = E[@ 8]+ 1(p7) + Zlm
(7) the map |Vi|? + T(p)8p- + Zgzl m;8y, has center of mass on the z-axis.
(8) if Elit, S*] < €gap then E[u, S*] = 0. In this case,| > 0and ifl = 1 thent(p~) = Cg.
(9) (00, (Dpyy (ck))) C Beu(p™)).

(10) E [ug, Ok (Daxay (ct)\Diny (cr)) ] = 0.

Remark 5.4 Following the usual convention, if E[u, Sz] = 0 then we say that u is a ghost
bubble.

Proof Ttem (2) follows from arguments as in Lemma 5.1 and item (3) follows from the choice
of Dy earlier. Observe also that
E [, S¢ | = E [ur, Di\Dy(ct)] = E [ug, Di\D¢,(0)] + E [ug, D¢, (0)\D, (ci)] -

Item (4) now follows from Lemma 5.1 (3) and Lemma 5.2 (1), (4). Items (5) — (6) follow the
logic as in Lemma 5.2, though we must include t(p ™) in (6) since energy may concentrate at
p~. Item (7) holds since for f € C*(S?, R), by approximating by characteristic functions
and appealing to the logic that gives (6), we conclude that

!

lim fIVIPdpg = / FIVEPdpg + F(p)T(pT) + ) fidmi.
k—o00 S2NSk S? ]

The first part of item (8) is immediate from the gap theorem. In that case, ! > 0 by items (3)

and (4) and the fact that the y;’s are in the northern hemisphere. When / = 1, items (4) and
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(7) and the fact that y; must be in the northern hemisphere imply the result on 7(p ™). Item
(9) follows as in Lemma 5.2. For item (10), first notice that

E [, Ok (Do (ct))] = 0 as k — oo.

By item (5), for each fixed k£ > 1 we can choose N such that for all n > Ny,

1
|E [tn. O (Dapn, (c)\Diny (1)) | — E [, O (Do (ci)\Diay (c1)) ]| < =
Letting n; := max{ni—1 + 1, Ni}, we see that
kILI{:OE [y O (Dasiy (ct)\Diay (cx))] = 0.

Renaming the sequence implies item (10). O

5.2 The bubble tree

Given a bubble point x; € M from Lemma 5.1, by Lemma 5.3 the maps uy; : Sk, — X
converge to a map u; : Sz > X except at {y;1, ..., yi;;» p~}. The process then iterates at
each y;; which allows us to obtain bubbles on bubbles. By Lemma 5.3, item (8), there can
be at most min{A /Cg, log, (A /€gap)} ghost bubbles. Since every non-ghost bubble contains
at least €gyp energy, the process terminates.

Prior to constructing the bubble tree, we prove two technical facts. First, given image
curves y (dD,) with small length and energy bounded by C§/r, there exists a coning off of
y in X which has energy bounded by C§. Second, the sequence of maps u; possess such
curves on scale €, and k. These technical facts will be useful in the construction of our
bubble tree.

5.2.1 Coning off a curve

We first demonstrate the existence of a coning off of a Lipschitz curve with energy depending
on the energy of the curve.

Definition 5.5 Let y : 9D, — B;(x)(P) C X be a Lipschitz map. We define the cone
extension map Cone(y,p,) : D, — X such that

Cone(ys,)(s.0) =m0 (>).

where ng : [0, 1] — X is the constant speed geodesic connecting ¢, to y(f) and c,, is the
circumcenter of y.

Lemma5.6 Let (DZ,, ds? + (s, 0)s2d92) be a smooth disk such that s~2|1 — u?| +
sTHu2 + 10212 < ¢ < % and r < 1. Let X be a compact locally CAT(1) space
with injectivity radius t(X). There exist C,5 > 0 depending on X such that the follow-
ing holds: for any Lipschitz loop y : 0D, — X with E[y,dD,] < g, the cone extension
map Cone(yyp,) : D, — X exists and satisfies E[Cone(y,p,), D] < CS6.

Proof By the Cauchy-Schwarz inequality,

2 TZ(X)

d
& do <2mp(r,0)5 <

2
Length2(y) < 271/
0
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for sufficiently small 8. Thus y C Bgsi2(c,) and Cone(ysp,)(D;) C Begiz(cy). For
convenience, let u := Cone(yyp, ).

By the L —convexity of CAT(1) spaces [12, Definition 2.6 and Proposition 3.1], we deduce
that

d (1, (), 10, (D) < (1 +C8) 1d (y 6B1), ¥ (62)) .

Now we estimate the directional derivative |us (d9)| (s, 09). Let u := u(s, 6p) and let || - ||
denote the distance to 0 with respect to the metric g = ds® + u2s>d6#2. Then by [8, Section
1.9], for a.e. (s, 0y) € D,,

d (u (s,00),u (e"p(sﬁo) (hae)))

lus (3g)| (s, 6p) = hli—r>n0

i
d (1 (s, 60) . u (Ilexps g0 (h9) 1. 60
o 4o 1y 001
h—0 |7]
d (i (1lexp s h30) 11 60) - (1exps g (130 11 axgg (exps ) h0) ) ))
+ lim .
h—0 7]

As the radial geodesics are constant speed, and using the L —convexity estimate, we deduce
that

d , v (6 ex ho —s
s (3)] 5. 60) < (¢y, v (60)) lim llexp(s,,) (h30) |l
r h—0 |h|
ex ho d 6o) , y (arg, (ex ho,
¢ tim (1 4 C8) [P B30 (v ©0).. v (argy (exps ) (h))))
h—0 r |h|

Since d; and 9y are perpendicular, the first variation formula implies that

ex ho, -5
lim llexp(s, g0) (h0) |l —0
0 |

Thus,
llexps.gy) (hp) Il = s 4 o([hD]A].
Let A6(h) := argy (exp(xﬁgo) (h 39)) — 0. Then,

d(y (6o),y (6o + AO(h))) d(y 6,y 6o+ AB(R))) . ABh)
m = - lim

li lim
h—0 h h—0 AO(h) h—0 h
_|dvy
do 0=00

Therefore, the directional derivative

1 9 :
Use (E @N satisfies

(%)
Uy | — g
s

Moreover, one easily calculates, using the constant speed of 7,

C81/2

14+Cé6 |dy
do

(s,600) <

1
— ux(dp)| =
us

0=6y

1
lu(3)[ (5, 60) = —d (cy, 7 (60) =
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It follows that

1
[Vul? (s, 60) = lu.(d5)|* (s, 6o) + g lu (39)1? (s, 6)

C25  (1+C8? |dy |
< —— 4+ ——|=Z| (6.
=3 + e 70 (%o)
Increasing C as necessary,
Elu, D,] :/ IVul? (s, 0) (s, 0)sdsdo
D,
Cc2s 14 C8)? dy |
5—/ u(s,e)sdsd9+L/ N (s, 6)sds de
I’2 D, l’2 N do
<27C25(1 4 cr®) + (1 +C8>(1 + er)?rEly, 0D, ]

<Cé.

5.2.2 Curves with small length

In Sect. 5.3, we prove the no-neck property and energy quantization using the isoperimetric
inequality which applies to conformal harmonic maps. Thus, we want to find scales with small
image length for a conformal suspension of u; which in turn implies small image length for
the original maps u;. We begin by recalling a modification of the previous conformalization
scheme (see [7, Theorem 2.3.4]).

Lemma5.7 Letu : D1 — X be a harmonic map with E [u, D1] < A. Then, there exists a
conformal harmonic map i : D; — X x C of u and a universal constant ¢ > 0 such that
forall x € Dy,

Vi) < [Vu@)* + 14 ¢ A,

Proof We construct v : D1 — C to satisfy

v=1 in Dy,
dv=—1d, in Dy,
Av =0 in Dj.

To do this, let W be a holomorphic function with 9, ¥ = — % @, where ®,, is the Hopf function.
Since ®,, is holomorphic, v(z) := z 4+ W(z) satisfies the above conditions. Moreover, &, =
49,v9,v = —®,. Letut : D1 — X x C such that #(x) := (u(x), v(x)). By construction,

O; =0, + P, =D, — D, =0

and thus @ is conformal. Since ®, € L! (D)) is holomorphic on Dy, using the Cauchy
integral formula there exists ¢; > 0 such that for all x € Dy,

[Py (xX)| = 4c1A.
Therefore, for all x € Dy 2,

[0 2
IVail* = |Vul* + |Vv]* = |Vul* + 1 + % < [Vul* + 1+ c3A2.
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[m}

Definition 5.8 Henceforth we refer to the above constructed & as the conformal suspension
of u.

Lemma5.9 Let u and ui be as in Lemma 5.7. For any Q C Dy andany 0 <r < %,
2Area [ii ()] = E [ii, @] < E [u, Q] + Area [Q] (1 + c1A?)

and
length [i(3D,)] < length [u(dD,)] + length[dD,] (1 + c1A) .

Note that length and area of domain regions are taken with respect to the metric g.

Proof Since u is conformal, twice its area coincides with the total energy therefore,
2Area[ii (Q) = E [, Q] = f |Vii|* dpig
Q

< / (IVul2 +14+ C%A2) dug
Q
= E [u, Q] + Area [Q] (1 + c]A?).

Similarly, letting do, denote the length measure on dD,,

length[ft(aDr)]:/ |9gil| do, :/ |9gu| + |8gv| doy
aD, 9D,

< length [u(dD,)] + / 14+ c1A doy
9D,
= length [u(dD,)] + length[0D,] (1 4+ ¢ A) .
[m}

Let x be a fixed bubble point and choose py < % so that D;,,(x) does not contain any
other bubble points. Let ii; denote the conformal suspension of each uy|p, oo () @S in Lemma
5.7. Recall that €, A are chosen in Lemma 5.2 and an outline of their significance is given
in the paragraph preceding that lemma. The next lemma provides precise scales, comparable
to €; and kX;, on which we can apply our cone extension lemma. These two scales will
determine the boundary of the neck region.

Lemma 5.10 There exist sequences ry € [€x/4, €x/2] and sy € [kAk, 2kAi] such that
lim r¢Elitg, 0Dy, (c)] =0,
k— o0
lim s Elii, 0Ds, (cx)] = 0.
k— o0
As a consequence,
lim length[iix (9D, (cx))] = 0,
k—o0

lim length[it; (9 Dy, (cx))] = 0.
k—o00
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Proof Ase; — 0,foreachmap ity we consider the metric in the tangent space (D2, (0), ds*+
u3 (s, 0)s2do?) where s72|1 — 2| + s~ Hou?| + |9>u7| < o where o — 0. Letry €
lex/4, €x /2] such that Eliig, 0D, (ck)] = min, (e, /4, /2] Eliik, 9Dy (cr)]. Then

€k /2 21
—E[ﬁk,aDu(ck)]sf / LS
4 " /4 Jo o spg | 90
< E [iig, Deyj2(c)\Deyja(cr) ]
< E [uk, Di\D¢, jg2(0)] + Area [Dy] (1 + ¢]A?)

2

K
Uk dods

where the last inequality follows from Lemma 5.9 and the fact that D, /2 (cx)\ D¢, j4(ck) C
Di\Dq, jg2(0). By Item (1) of Lemma 5.2 and the fact that Area[Dy] < ce]f, the final
expression tends to zero in k. Since /2 < €} /4, the desired result follows.

To find the s;’s we use item (10) of Lemma 5.3 in place of item (1) of Lemma 5.2 and
follow a similar reasoning as above.

The length estimates then follow immediately from Cauchy-Schwarz. O

5.2.3 The base, neck, and bubble maps

Around each bubble point x; € {x1, ..., x¢}, there are three domains of interest. In Dy (x;) =
Dy, ;(0) C Ty, M, we consider the disks Dy, ; (ck,i), Dy, ; (ck,;) and the annulus between
them

A;(’l‘ = Drk_,' (ck,i)\DS/‘_,' (ck,i)'

Here € i, Aki, ck,; are given by Lemma 5.2 and ry;, s¢,; are given by Lemma 5.10.
We define the neck maps uy ;| At A;{ ; — X. To define the extended base maps, let

ug (x) if x € M\ U'_, exp(Dr, , (ck.i))
Cone(uklop,, () i x € exp(Dr; (ck.i))-

o= |

By Lemmas 5.1, 5.10, and 5.6, u;, — u in co uniformly on M and

lim E[u,, M] = E[u, M].
k—o00

Similarly, the extended bubble maps will cone off the maps uy ;. Let uy ; : S? — X such
that
T () = Ui (x) ifx € ®k,i(DSk,i (ck.i))
Wi ™X) = Cone(ﬁkil@k,i(al)x,{i (i) (x)  otherwise.
By Lemmas 5.3, 5.10, and 5.6, for each i € {1,...,¢}, u; ; — u; uniformly in CO on
S*\{it, - - yir,} and
I;
: — 2 — Q2
Jim Efi, ;. 8%] = El;, 8% + Zlmij.
j:
Note that the term 7;(p~) is lacking from the above limit and the uniform convergence
happens across p~. This occurs since we have removed the neck map portion from the
extended bubble maps and replaced it by the coning off which has energy and diameter
converging to zero. Moreover, the energy contained in the neck maps is exactly

w(p7) = lim Elugi, Al
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We will show in the next subsection that t; (p~) = 0 and diam (uy ; (A;m‘)) — 0 and thus the
€ limit and the limit of the energies of the extended bubble maps are the same as the limit
for the original maps.

As mentioned previously, the extended bubble map process now iterates and we construct
maps iy, ;; : S?* — X where j € {1, ...,[;}. These maps converge, away from finitely many
points y;jm, m € {1, ...,1;;}, to some map u;; : S? — X with an analogous energy limit to
what we saw above.

5.2.4 Constructing the bubble tree

We now construct the bubble tree and the bubble domain. The bubble tree consists of vertices
and edges where each vertex represents a harmonic map and each edge represents a bubble
point. The base vertex of the tree is the map u : M — X and the ¢ edges emanating from
the base vertex are the points x;. The edges x; connect to the vertices u; : S? — X and the
edges emanating from each of these vertices are the bubble points y;;, j € {1,...,[;}. The
tree is finite as the process terminates.

The bubble tower is the disjoint union of M and a collection of S?’s, where each S? is
associated with a vertex in the bubble tree. Indeed, following [13], we may consider a bubble
tower T in the following manner. Let SM be an S? bundle over M. Compactifying the vertical
tangent space of SM — M yields an S* bundle S?M over SM. Iterating this process then
yields a tower of S? fibrations. For clarity, the point y;,;,.;, lies in sy

A bubble domain at level n is a fiber F of S"M — S"~'M and a bubble tower is a finite
union of bubble domains such that the projection of T N §" M liesin T N S"~' M.

Given the sequence uy : M — X, applying Lemmas 5.1, 5.2, 5.3 determines a unique
bubble tower T = M (U IS%) where [ is indexed over all of the bubble points in the
process. We define a sequence of bubble tower maps u; ; : T — X such thatu, : M — X
and Upg: S% — X. Letting u, #; index the limit maps, observe that

lim Efu; ;, T1=El[u;, T] (5.6)
k— 00 ’
andu; ; — u; in C? uniformly on 7.

5.3 Energy quantization and the no neck property

In this subsection, we study the neck maps and use the isoperimetric inequality to prove that
the energy of neck maps vanish in the limit. Then by monotonicity, the diameter of the neck
maps must also vanish. Taken with the previous subsections, these results immediately imply
Theorem 1.1.

Consider a single neck map uy : A;{ — X where A}C = Dy (ct)\ Dy, (k).

Lemma 5.11 (Vanishing Neck Energy and Length). The following holds:

lim sup E [uk, Ai] =0,
k—o00
lim sup diam [ux (A})] = 0.

k—o00

Proof Let ii; denote the conformal suspension of each u|p, ) as in Lemma 5.7. By (5.1)
s

and Lemma 5.9, for all sufficiently large k, Area [12 k(A,’()] <3
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By Lemma 5.10, for any 0 < § < 7(X)/4 there exists a K such that for all k > K there
exist points Pr, Qr € X x C such that ﬁk(aA}() C Bs(Pr)UBs(Qr). Now suppose that there
exists Ry € ﬁk(A,’() such that Ry ¢ Bas(Pr) U Bas(Qy). Then, applying the monotonicity
formula of [2, Theorem 3.4] to ﬁk(Aﬁ{) N Bs(Ry),

Crmond” < Area [iig(A))].

On the other hand, by Lemma 5.9, using the fact that A,’< C D¢, (O\D;, (cx), and recalling
the definition of Cg from (5.1),

2Area [iix(A})] < Elug, De (0)\Dj, (c0)] + Area[ A ](1 + ] A?)

2
7(X) C
< Cnon— o~ + 50+ cIA?).

This implies a contradiction for § = t(X)/4 and k sufficiently large. It follows that for &
large enough, iix (A}) C Br(x)(Px). Thus each @iy : A} — X satisfies the hypotheses of the
isoperimetric inequality, Theorem 4.6. By Lemma 5.10, it thus follows that

E [uk, A}] < E [iix, Ay] = 2Area [iir(Ap)] < anlengthz [ix(3A] — 0.

With this improvement on the area estimate, for any fixed § > 0 we may choose N
large enough so that for all k > N, Area [ﬁk (A;C)] < Cmon62/2 and there exist points
Pr, Or € X x C such that @iz (9 A}) C Bs(Py) U Bs(Qx). If there exists R € iix(A},) such
that Ry ¢ Bas(Pr) U Bas(Qr) then by the same argument as above, the monotonicity formula
implies a contradiction. Therefore, i k(A}() C Bys(Py). It follows that

Jim_diam [ur(Ap] =< Jimdiam [ix(Ap] =0.
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